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Abstract. In this paper, we classify k-simple prehomogeneous vector
spaces of type
ðGLl1  G1      Gk; rð1Þ1 n   n rð1Þk þ    þ rðlÞ1 n   n rðlÞk Þ
where for any i, j, each r
ðiÞ
j is a nontrivial irreducible representation
of a simple algebraic group Gj (i.e., r
ðiÞ
j 0 1) with kb 3 and lb 2
under full scalar multiplications. We consider everything over the
complex number ﬁeld C.
Introduction
Let G be a connected linear algebraic group, V a ﬁnite dimensional vector
space ðdim Vb 1Þ, and r a rational representation of G on V , all deﬁned over
the complex number ﬁeld C. If V has a Zariski-dense G-orbit, the triplet ðG; r;VÞ
is called a prehomogeneous vector space (abbrev. PV). In this paper, we as-
sume that G ¼ GLl1  G1      Gk where each Gi is a simple algebraic group
ð1a ia kÞ. Then any representation ðs;VÞ of G1      Gk is the direct sum
of irreducible representations ðs;VÞ ¼ ðs1;V1Þl   l ðsl ;VlÞ where each si is
of the form s
ðiÞ
1 n   n sðiÞk and sðiÞj is an irreducible representation of Gj
ð1a ja kÞ. Let r be the composition of scalar multiplications GLl1 on each
Vi ð1a ia lÞ and s. We call such a PV ðG; r;VÞ a k-simple PV. When k ¼ 1
([K]) or k ¼ 2 ([KKIY], [KKTI]), they are completely classiﬁed. When k ¼ 3, it
has been classiﬁed under some condition. In this paper, we classify all k-simple
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PVs under the condition that s
ðiÞ
j 0 1 for 1a ia l and 1a ja k. For any
representation r of any group G and any natural number n satisfying deg ra n, a
triplet ðG  GLn; rnL1;VnVðnÞÞG ðGL1  G  SLn;L1n rnL1;Vð1Þn
VnVðnÞÞ is always a PV. We call such a PV a trivial PV.
In section 1, we give, as preliminaries, a notion of castling transform. Our
solution of the classiﬁcation problem consists of the explicit description of the
process of castling transform and list of reduced prehomogeneous vector spaces.
We also give basic propositions. In particular, the unpublished result of T.
Kimura (Proposition 1.9) is essential for our classiﬁcation in this paper. We
generalize it in section 2.
In section 2, ﬁrst we give some lemmas. By using them, we classify k-simple
PVs of type (A) which is
GLl1  G1      Gk;0
l
i¼1
r
ðiÞ
1 n   n rðiÞk ;0
l
i¼1
VðmðiÞ1 Þn   nVðmðiÞk Þ
 !
   ðAÞ
where for any i, j, each r
ðiÞ
j is a nontrivial irreducible representation of Gj on
VðmðiÞj Þ with kb 3 and lb 2 under full scalar multiplications with mðiÞj b 2 for
1a ia l and 1a ja k.
In section 3, we give the list of k-simple prehomogeneous vector spaces of
type (A).
Notation. As usual, C stands for the ﬁeld of complex numbers. For
positive integers m, n, we denote by Mðm; nÞ the totality of m n matrices over
C. If m ¼ n, we simply write MðnÞ instead of Mðn; nÞ. Two triplets are called
isomorphic and denotes by ðG; r;VÞG ðG 0; r 0;V 0Þ if there exists a group iso-
morphism s : rðGÞ ! rðG 0Þ and an isomorphism t : V ! V 0 of vector spaces
satisfying tðrðgÞðvÞÞ ¼ ðsrðgÞÞtðvÞ for all g A G and v A V . In our classiﬁcation,
we identify isomorphic triplets.
We denote by L1 the standard representation of GLn on C
n. More generally,
Lk ðk ¼ 1; . . . ; rÞ denotes the fundamental irreducible representation of a simple
algebraic group of rank r. In general, we denote by r the dual representation of
a rational representation r. Note that ðG; r;VÞG ðG; r;V Þ if G is reductive.
Also if G1 and G2 are reductive, then we have ðG1  G2; rðÞ1 n rðÞ2 ÞG ðG1  G2;
r1n r2Þ where rðÞ stands for r or its dual r.
We denote r1 þ    þ rl by 0
l
i¼1
ri. When there is no confusion, we sometimes
write ðG; rÞ instead of ðG; r;VÞ.
For lb 2, we do not write the action of GLl1 for simplicity. Namely we write
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ðGLl1  G; s1 þ    þ sl ;V1l    lVlÞ instead of ðGLl1  G;L1n 1n   n 1n
s1 þ    þ 1n   n 1nL1n sl ;V1l    lVlÞ when lb 2.
1. Preliminaries
For our classiﬁcations of PVs, the following propositions and theorems are
basic.
Proposition 1.1 ([SK, Proposition 1 in section 3]). If ðG; r;VÞ is a PV, then
we have dim Gb dim V.
Proposition 1.2 (Castling transform) ([SK, Proposition 7 in section 2]). Let
r be a representation of an algebraic group H on an m-dimensional vector space V.
For any n satisfying m > nb 1, the following conditions are equivalent.
1. ðH  GLn; rnL1;VnVðnÞÞ is a PV.
2. ðH  GLmn; rnL1;VnVðm nÞÞ is a PV.
3. ðH  GLmn; rnL1;VnVðm nÞÞ is a PV if H is reductive.
We say the triplets 1, 2 (resp. 1, 3 if H is reductive) in Proposition 1.2 are
castling transforms of each other. Two triplets are called castling-equivalent if one
obtained from the other by a ﬁnite number of castling transformations.
Theorem 1.3. Let ri : G ! GLðViÞ ði ¼ 1; 2Þ be ﬁnite-dimensional rational
representations of an algebraic group G, and let nbmaxfdim V1; dim V2g be an
arbitrary natural number. Then the following conditions are equivalent.
1. ðG  GLn; r1nL1 þ r2nL1 ;V1nVðnÞ þ V2nVðnÞÞ is a PV.
2. ðG; r1n r2;V1nV2Þ is a PV.
Proof. See [K3, Proposition 7.8, P229]. r
The following Theorem is a modiﬁcation of Theorem 1.3 with respect to
scalar multiplication.
Theorem 1.4. Let si : H ! GLðViÞ ði ¼ 1; 2Þ be ﬁnite-dimensional rational
representations of an algebraic group H, and let nbmaxfdim V1; dim V2g be an
arbitrary natural number. Then the following conditions are equivalent.
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1. ðGL21 H  SLn; s1nL1 þ s2nL1 ;V1nVðnÞ þ V2nVðnÞÞ is a PV.
2. ðGL1 H;L1n s1n s2;V1nV2Þ is a PV.
Proof. If we put G ¼ GL1 H and ri ¼ L1n si ði ¼ 1; 2Þ in Theorem 1.3,
we have ðG  GLn; r1nL1 þ r2nL1 ÞG ðGL21 H  SLn; s1nL1 þ s2nL1 Þ
and ðG; r1n r2ÞG ðGL1 H;L1n ðs1n s2ÞÞ. Hence we have our result by
Theorem 1.3. r
Now we shall introduce some classiﬁcations of reductive PVs.
Theorem 1.5 ([SK, Section 7]). Any irreducible PV ðG; r;VÞ is castling-
equivalent to one of the following PVs:
(I) Regular PVs
(1) A trivial PV, i.e., ðH  GLn; rnL1;MðnÞÞ where r is an n-
dimensional irreducible representation of a connected semisimple
algebraic group H.
(2) ðGLn; rÞ where r ¼ 2L1; 3L1 ðn ¼ 2Þ; L2 ðn ¼ evenÞ; L3 ðn ¼ 6;
7; 8Þ.
(3) ðSL3  GL2; 2L1nL1;Vð6ÞnVð2ÞÞ.
(4) ðSL6  GL2;L2nL1;Vð15ÞnVð2ÞÞ.
(5) ðSL5  GLn;L2nL1;Vð10ÞnVðnÞÞ ðn ¼ 3; 4Þ.
(6) ðSL3  SL3  GL2;L1nL1nL1;Vð3ÞnVð3ÞnVð2ÞÞ.
(7) ðSpn  GL2m;L1nL1;Vð2nÞnVð2mÞÞ ðn > mb 1Þ.
(8) ðGL1  Sp3;L1nL3;Vð14ÞÞ.
(9) ðSOn  GLm;L1nL1;VðnÞnVðmÞÞ ðn > mb 1Þ.
Note that ðSO3;L1ÞG ðSL2; 2L1Þ, ðSO4;L1ÞG ðSL2  SL2;
L1nL1Þ, ðSO5;L1ÞG ðSp2;L2Þ, ðSO6;L1ÞG ðSL4;L2Þ.
(10) ðSpin7  GLn, the spin rep.nL1Þ ð1a na 3Þ.
(11) ðGL1  Spinn, L1n the spin rep.) ðn ¼ 9; 11Þ.
(12) ðSpin10  GLn, a half-spin rep.nL1Þ ðn ¼ 2; 3Þ.
(13) ðGL1  Spinn, L1n a half-spin rep.) ðn ¼ 12; 14Þ.
(14) ðG2  GLn;L2nL1;Vð7ÞnVðnÞÞ ðn ¼ 1; 2Þ.
(15) ðE6  GLn;L1nL1;Vð27ÞnVðnÞÞ ðn ¼ 1; 2Þ.
(16) ðGL1  E7;L1nL1;Vð56ÞÞ.
(II) Non-regular PVs
(1) ðGL1  Spn  SO3;L1nL1nL1;Vð1ÞnVð2nÞnVð3ÞÞ ðnb 2Þ.
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(2) ððGL1ÞH  SLn; ðL1nÞrnL1;VðmÞnVðnÞÞ where r is an m-
dimensional irreducible representation of a semisimple algebraic group
H with 1am < n.
(3) ððGL1ÞSL2mþ1; ðL1nÞL2;Vðmð2mþ 1ÞÞÞ ðmb 2Þ.
(4)
ððGL1ÞSL2mþ1  SL2; ðL1nÞL2nL1;Vðmð2mþ 1ÞÞnVð2ÞÞ ðmb 2Þ:
(5)
ððGL1ÞSpn  SL2mþ1; ðL1nÞL1nL1;Vð2nÞnVð2mþ 1ÞÞ ðnb 2mþ 1b 1Þ:
(6) ððGL1ÞSpin10; ðL1nÞ a half-spin rep., Vð16ÞÞ.
Theorem 1.6 ([K, Section 3]). All non-irreducible simple PVs with scalar
multiplications are given as follows:
(1) ðGLl1  SLn;L1 þ    þ
zﬄﬄﬄ}|ﬄﬄﬄ{l1
L1 þLðÞ1 Þ ð2a la nþ 1; nb 2Þ.
(2) ðGLl1  SLn;L2 þLðÞ1 þ    þ
zﬄﬄﬄ}|ﬄﬄﬄ{l1
L
ðÞ
1 Þ ð2a la 4; nb 4Þ
except ðGL41  SLn;L2 þL1 þL1 þL1 Þ with n ¼ odd.
(3) ðGL21  SL2mþ1;L2 þL2Þ ðmb 2Þ.
(4) ðGL21  SLn; 2L1 þLðÞ1 Þ.
(5) ðGL31  SL5;L2 þL2 þL1 Þ.
(6) ðGL21  SLn;L3 þLðÞ1 Þ ð6a na 7Þ.
(7) ðGL31  SL6;L3 þL1 þL1Þ.
(8) ðGLl1  Spn;L1 þ    þ
zﬄﬄﬄ}|ﬄﬄﬄ{l
L1Þ ð2a la 3; nb 2Þ.
(9) ðGL21  Sp2;L2 þL1Þ.
(10) ðGL21  Sp3;L3 þL1Þ.
(11) ðGL21  Spin7, the spin rep.þ the vector rep.).
(12) ðGL21  Spinn, a half-spin rep.þ the vector rep.) ðn ¼ 8; 10; 12Þ.
(13) ðGL21  Spin10;LþLÞ, where L ¼ the even half-spin representation.
Theorem 1.7 ([KKIY, Section 3] and [KKTI, Section 5]). All non-irreducible
2-simple PVs are classiﬁed in [KKIY ] for type I and [KKTI ] for type II.
For our classiﬁcation, following two propositions are basic. In particular,
Proposition 1.9 is essential.
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Proposition 1.8 (T. Kimura). Let ðG; r;VÞ be a triplet such that
G ¼ GLl1  SLn1      SLnk ; r ¼ ðL1n   n
zﬄﬄﬄﬄ}|ﬄﬄﬄﬄ{k
L1Þ þ    þ
zﬄﬄﬄ}|ﬄﬄﬄ{l ðL1n   nzﬄﬄﬄﬄ}|ﬄﬄﬄﬄ{
k
L1Þ;
V ¼ Vðn1    nkÞ þ    þ
zﬄﬄﬄ}|ﬄﬄﬄ{l
Vðn1    nkÞ with n1b n2b   b nkb 2;
kb 3 and lb 2:
1. If dim G > dim V , then it is castling-equivalent to a trivial PV.
2. If dim G ¼ dim V and kb 3, it is castling-equivalent to a reguler simple PV
ðGLl1  SLl1;L1 þ    þ
zﬄﬄﬄ}|ﬄﬄﬄ{l
L1;Mðl; l  1ÞÞ.
3. If dim G ¼ dim V and k ¼ 2, it is a non PV.
Proof. See [K2, Theorem 9.2 in section 9]. r
Proposition 1.9 ([K4, T. Kimura’s unpublished result]). If ðG; r;VÞ which is
same as that of Proposition 1.8 is a PV, then ðl  1Þn2    nk < n1.
We shall generalize this proposition (See Proposition 2.4).
2. A Classiﬁcation
In this section, we classify k-simple PVs of type (A) by using following
lemmas.
Lemma 2.1. Let ðG; r;VÞ be an irreducible triplet such that G ¼ GL1 
G1      Gk, r ¼ L1n r1n   n rk, V ¼ Vðm1Þn   nVðmkÞ with m1b
m2b   bmkb 2, kb 3 and each rj is a nontrivial irreducible representation
of a simple algebraic group Gj (i.e., rj0 1) for any j. If ðG; r;VÞ is a PV, then
ðG1; r1;Vðm1ÞÞG ðSLm1 ;L1;Vðm1ÞÞ.
Proof. First assume that ðG; r;VÞ is a reduced PV. If it is a trivial
PV, it is clear. If it is a nontrivial PV, then it is also obvious since ðG; rÞ
is ðGL1  SL3  SL3  SL2;L1nL1nL1nL1Þ or ðGL1  SL2  SL2  SL2;
L1nL1nL1nL1Þ by Theorem 1.5. Next we assume that ðG; r;VÞ is a non
reduced PV with ðG1; r1;Vðm1ÞÞZ ðSLm1 ;L1;Vðm1ÞÞ, Then there exists a castling
transformation to obtain a lower dimensional PV which must be of the form
ðG 0; r 0;V 0Þ such that G 0 ¼ GL1  G1      SLm 0
j
     Gk, V 0 ¼ Vðm1Þ
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n   nVðm 0j Þn   nVðmkÞ with m 0j ¼ m1   mj1mjþ1   mk mj for some
j satisfying 2a ja k. However we have m 0j ¼ m1   mj1mjþ1   mk mjb
2mj mj ¼ mj which is a contradiction. So we have our result. r
Lemma 2.2. Let r ¼ r1n   n rk be an irreducible representation of
G1      Gk where each rj is a nontrivial irreducible representation of a simple
algebraic group Gj ð1a ja kÞ. Then we have dimðG1      GkÞa ðdeg r1Þ2
þ    þ ðdeg rkÞ2  ka ðdeg rÞ2  k.
Proof. Since rj is a nontrivial representation of a simple algebraic group,
we have dim rjðGjÞ ¼ dim Gj and rjðGjÞHSLðdeg rjÞ ð1a ja kÞ. Hence we
obtain the ﬁrst inequality. Since we have t1    tkb t1 þ    þ tk for any t1; . . . ;
tkb 2, we obtain the second inequality. r
Lemma 2.3. Let ðG; r;VÞ be a k-simple PV of type (A). Then it is of the
following form: 
GLl1  SLt  G2      Gk;0
l
i¼1
L
ðÞ
1 n r
ðiÞ
2 n   n rðiÞk ;
0
l
i¼1
VðtÞðÞnVðmðiÞ2 Þn   nVðmðiÞk Þ
!
with kb 3, lb 2, r
ðiÞ
j 0 1 and m
ðiÞ
j b 2 for any i, j and tbmaxfmðiÞj j 1a ia l;
2a ja kg.
Proof. Assume that m
ð1Þ
1 b   bmð1Þk . Then we have ðG1; rð1Þ1 ;Vðmð1Þ1 ÞÞG
ðSLt;L1;VðtÞÞ and hence G1 ¼ SLt and rð1Þ1 ¼ L1, t ¼ mð1Þ1 . Now assume that
r
ð2Þ
1 0L1;L

1 . Then we have m
ð2Þ
1 ¼ deg rð2Þ1 > deg L1 ¼ deg rð1Þ1 ¼ t. Then by
Lemma 2.1, there is some jb 2 satisfying ðGj ; rð2Þj ;Vðmð2Þj ÞÞG ðSLðTÞ;L1;VðTÞÞ
with Tbm
ð2Þ
1 ð> tÞ. Then we have Gj ¼ SLðTÞ and tbmð1Þj bTð> tÞ, which is
a contradiction. Hence we have r
ð2Þ
1 ¼ LðÞ1 and mð2Þ1 ¼ t. Similary we have
r
ð jÞ
1 ¼ LðÞ1 and mð jÞ1 ¼ t for 1a ja k. r
Proposition 2.4. Let ðG; r;VÞ be a k-simple PV of type (A) of the form in
Lemma 2.3. Put mi ¼ mðiÞ2   mðiÞk ð1a ia lÞ and M ¼ m1 þ    þml. Then we
have M mi < t ð1a ia lÞ.
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Proof. First note that the number l and dim G  dim V are invariant under
castling transformations. Put g ¼ dimðG2      GkÞ. We may assume that
m1bm2b   bmlðb 2k1Þ. Then, by Lemma 2.2, we have ga ðmlÞ2
ðk  1Þa ðmlÞ2  2. If tbM, it is clear. Hence we may assume that M > t. By
Proposition 1.1, we have dim Gb dim V and hence f ðtÞb 0 where f ðxÞ ¼
x2 Mxþ l þ g 1. First we shall show that the discriminant D of f ðxÞ satisﬁes
Db 0. If D ¼ M 2  4ðl þ g 1Þ < 0, then we have M 2=4 l þ 1 < ga
ðmlÞ2  2 and hence ðM þ 2mlÞðM  2mlÞ < 4ðl  3Þ. Since 2ðl þ 2ÞaM þ 2ml
and 2ðl  2ÞaM  2ml , we have 4ðl 2  4Þ < 4ðl  3Þ, i.e., lðl  1Þ < 1. This is
a contradiction and we have Db 0. Next we shall show that tb ðM þ ﬃﬃﬃﬃDp Þ=2.
For this purpose, it is enough to show that ðM  ﬃﬃﬃﬃDp Þ=2 < t. Put m ¼
maxfmðlÞ2 ; . . . ;mðlÞk gða tÞ. Then by Lemma 2.2, we have ga fmðlÞ2 g2 þ    þ
fmðlÞk g2  ðk  1Þa ðk  1Þm2  k þ 1. Hence we have
ðM 
ﬃﬃﬃﬃ
D
p
Þ=2 ¼ ðM 2 DÞ=ð2M þ 2
ﬃﬃﬃﬃ
D
p
Þ ¼ 2ðl þ g 1Þ=ðM þ
ﬃﬃﬃﬃ
D
p
Þ
a 2ðl þ g 1Þ=Ma 2ðl þ g 1Þ=ðlmlÞ ¼ 2ðl þ g 1Þ=ðlmðlÞ2   mðlÞk Þ
a 2ðl þ ðk  1Þm2  kÞ=ð2k2lmÞ
which is < mða tÞ if and only if ðT ¼Þð2k2l  2k þ 2Þm2  2l þ 2k > 0. Since
mb 2, lb 2 and kb 3, we have Tb ð2k  2Þl  6k þ 8b 2kþ1  6k þ 4b 2.
Thus we have ðM  ﬃﬃﬃﬃDp Þ=2 < t and hence tb ðM þ ﬃﬃﬃﬃDp Þ=2. Now assume that
M mib t for some i. Then we have M mib tb ðM þ
ﬃﬃﬃﬃ
D
p Þ=2 and hence
ðM  2miÞ2bD ¼ M 2  4ðl þ g 1Þ, i.e., l þ g 1bmiðM miÞ. Since
miðM miÞ ¼ miðM mi mjÞ þmimjbmiðM mi mjÞ þ ðmlÞ2
b 2ð2ðl  2ÞÞ þ ðgþ 2Þ ¼ 4l þ g 6;
we have l  1b 4l  6, i.e., 5b 3l ðlb 2Þ. This is a contradiction and we have
M mi < t for any i. r
Remark 2.5. In particular, if ðGj; rðiÞj ;VðmðiÞj ÞÞ ¼ ðSLnj ;L1;VðnjÞÞ where for
any i, j, m
ðiÞ
j ¼ nj with n1b   b nkb 2, we obtain the proof of proposition 1.9
since M mi ¼ ln2    nk  n2    nk ¼ ðl  1Þn2    nk < t ¼ n1.
Lemma 2.6. Let s and t be nontrivial irreducible representations of a simple
algebraic group H. Then we have ðdeg sÞðdeg tÞ > dim H.
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Proof. We may assume that m ¼ deg sb n ¼ deg t. Then we have mn >
n2  1b dim H by Lemma 2.2. r
Lemma 2.7. Assume that kb 2. Let s ¼ s1n   n sk and t ¼ t1n   n tk
be irreducible representations of G1      Gk where sj and tj are nontrivial
irreducible representations of a simple algebraic group Gj ð1a ja kÞ. Then we
have ðdeg sÞðdeg tÞ > 1þ dimðG1      GkÞ. In particular ðGL1  G1      Gk;
L1n ðsn tÞÞ is a non PV.
Proof. By Lemma 2.6, we have ðdeg sjÞðdeg tjÞ > dim Gjðb 3Þ for
1a ja k. Since t1    tk > t1 þ    þ tk for any t1; . . . ; tkb 3 with kb 2, we have
ðdeg sÞðdeg tÞ ¼
Yk
j¼1
ðdeg sjÞðdeg tjÞ >
Yk
j¼1
dim Gj >
Xk
j¼1
dim Gj
¼ dimðG1      GkÞ:
Hence we have ðdeg sÞðdeg tÞ > 1þ dimðG1      GkÞ. r
Now we shall classify all k-simple PVs of type (A). By Lemma 2.3, it is of
the following form:
 
GLl1  SLt  G2      Gk;0
l
i¼1
r
ðiÞ
1 n r
ðiÞ
2 n   n rðiÞk ;
0
l
i¼1
VðtÞnVðmðiÞ2 Þn   nVðmðiÞk Þ
!
with kb 3, lb 2, r
ðiÞ
1 ¼ L1 or L1 , rðiÞj 0 1, mðiÞj b 2 ð2a ja kÞ and tb
maxfmðiÞj j 1a ia l; 2a ja kg. Here we may assume that rð1Þ1 ¼ L1 without loss
of generality. First we shall show that r
ðiÞ
1 ¼ L1 for all i ð1a ia lÞ. Assume that
r
ðiÞ
1 ¼ L1 for some iðb 2Þ. Then
ðGL21  SLt  G2      Gk;L1n rð1Þ2 n   n rð1Þk þL1n rðiÞ2 n   n rðiÞk ;
VðtÞnVðmð1Þ2 Þn   nVðmð1Þk Þ þ VðtÞnVðmðiÞ2 Þn   nVðmðiÞk ÞÞ
is a PV. By Lemma 2.4, we have m1 ¼ mð1Þ2   mð1Þk aM mi < t and mi ¼
m
ðiÞ
2   mðiÞk aM m1 < t. Hence by Theorem 1.4, it is PV-equivalent to
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ðGL1  G2      Gk;L1n ðrð1Þ2 n rðiÞ2 Þn   n ðrð1Þk n rðiÞk Þ;
ðVðmð1Þ2 ÞnVðmðiÞ2 ÞÞn   n ðVðmð1Þk ÞnVðmðiÞk ÞÞÞ
which is a non PV by Lemma 2.7. This is a contradiction and r
ðiÞ
1 ¼ L1 for all i.
Hence our PV is of the form: 
GLl1  SLt  ðG2      GkÞ;L1n 0
l
i¼1
r
ðiÞ
2 n   n rðiÞk
 !
;
VðtÞn ðVðm1Þ þ    þ VðmlÞÞ
!
where mi ¼ mðiÞ2   mðiÞk ð1a ia lÞ. If M ¼ m1 þ    þmla t, then it is a trivial
PV. Assume that M > t. Then by Proposition 1.2, it is castling-equivalent to 
GLl1  SLðM  tÞ  ðG2      GkÞ;L1n 0
l
i¼1
r
ðiÞ
2 n   n rðiÞk
 !
;
VðM  tÞn ðVðm1Þ þ    þ VðmlÞÞ
!
:
Put m ¼ maxfmðiÞj j 1a ia l; 2a ja kg. We shall show that m > M  t. If
maM  t, then by Proposition 2.4, we have M mi < M  t, and hence t < mi.
Take j0 i and applying Proposition 2.4 to the previous PV, we have M mj < t.
Then we have t < miaM mj < t, which is a contradiction. Hence we have
m > M  t. Take i and j satisfying mðiÞj ¼ m. Then
ðGL1  Gj  SLðM  tÞ  G2    Gj1  Gjþ1      Gk;
L1n r
ðiÞ
j nL1n r
ðiÞ
2 n   n rðiÞj1n rðiÞjþ1n   n rðiÞk ;
VðmÞnVðM  tÞnVðmðiÞ2 Þn   nVðmðiÞj1ÞnVðmðiÞjþ1Þn   nVðmðiÞk ÞÞ
is a PV with m > M  t and mbmðiÞj ð2a ja kÞ. If ðGj ; rðiÞj ;VðmÞÞZ ðSLm;L1;
VðmÞÞ, then we have M  t ¼ 1 and k ¼ 3 by Lemma 2.1. This implies that
our original PV is castling-equivalent to a 2-simple PV. Now assume that
ðGj; rðiÞj ;VðmÞÞG ðSLm;L1;VðmÞÞ. If M  t ¼ 1 and k ¼ 3, it is a 2-simple PV.
If M  tb 2 or ðM  t ¼ 1 and kb 4Þ, then this PV is the same type as the
original PV with less dimension. Therefore, by repeating this procedure, we
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obtain a k-simple trivial PV with kb 3 or a 2-simple PV or a simple PV. They
have already been classiﬁed by Theorem 1.7 ([KKIY] for type I and [KKTI] for
type II) and Theorem 1.6 ([K]). This completes the classiﬁcation of PVs of type
(A).
3. A List
Theorem 3.1. Any non-irreducible k-simple prehomogeneous vector space of
type ðGLl1  G1      Gk; rð1Þ1 n   n rð1Þk þ    þ rðlÞ1 n   n rðlÞk Þ where for any
i, j, each r
ðiÞ
j is a nontrivial irreducible representation of a simple algebraic group
Gj (i.e., r
ðiÞ
j 0 1) with kb 3 and lb 2 under full scalar multiplications is castling-
equivalent to one of the following PVs:
(I) A trivial PV, i.e., ðGLl1  G1      Gk  SLt; ðr1 þ    þ rlÞnL1Þ
where ri ¼ rðiÞ1 n   n rðiÞk is an irreducible representation of G1     
Gk, m1 þ    þmla t by putting mi ¼ deg ri and each rðiÞj is a nontrivial
irreducible representation of Gj for any i, j with kb 0, lb 2 and tb 2.
(II) A nontrivial 2-simple PV
ðGL21  SL4  SL2;L2nL1 þL1nL1Þ:
(III) Nontrivial simple PVs
(1) ðGLl1  SLl1;L1 þ    þ
zﬄﬄﬄ}|ﬄﬄﬄ{l
L1Þ ðlb 2Þ.
(2) ðGLl1  SLn;L1 þ    þ
zﬄﬄﬄ}|ﬄﬄﬄ{l1
L1 þL1 Þ ð2a la nþ 1; nb 2Þ.
(3) ðGLl1  SLn;L2 þLðÞ1 þ    þ
zﬄﬄﬄ}|ﬄﬄﬄ{l1
L
ðÞ
1 Þ ð2a la 4; nb 4Þ
except ðGL41  SLn;L2 þL1 þL1 þL1 Þ with n ¼ odd.
(4) ðGL21  SL2mþ1;L2 þL2Þ ðmb 2Þ.
(5) ðGL21  SLn; 2L1 þLðÞ1 Þ ðnb 2Þ.
(6) ðGL31  SL5;L2 þL2 þL1 Þ.
(7) ðGL21  SLn;L3 þLðÞ1 Þ ðn ¼ 6; 7Þ.
(8) ðGL31  SL6;L3 þL1 þL1Þ.
(9) ðGLl1  Spn;L1 þ    þ
zﬄﬄﬄ}|ﬄﬄﬄ{l
L1Þ ð2a la 3; nb 2Þ.
(10) ðGL21  Sp2;L2 þL1Þ.
(11) ðGL21  Sp3;L3 þL1Þ.
(12) ðGL21  Spin7, the spin rep.þ the vector rep.).
(13) ðGL21  Spinn, a half-spin rep.þ the vector rep.) ðn ¼ 8; 10; 12Þ.
(14) ðGL21  Spin10;LþLÞ, where L ¼ the even half-spin representation.
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Remark 3.2. In particular, if ðGj; rðiÞj ;VðmðiÞj ÞÞ ¼ ðSLnj ;L1;VðnjÞÞ where for
any i, j, m
ðiÞ
j ¼ nj with n1b   b nkb 2, the results (I) and (III) (1) are that of
proposition 1.8.
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